Abstract. We have derived analytical relations necessary for interpreting piezooptic effect and calculation of all piezooptic coefficients on the basis of interferometric technique, which take a micro-wedge shape of samples into consideration. The analysis is presented for the tetragonal crystals of point symmetry classes 4, 4 and 4/m. The relations valid for the remaining symmetry classes 422, 4mm, 42m and 4/mmm represent simple particular cases of the general relations.
Introduction
Experimental studies of piezooptic effect (POE) in crystalline materials do not involve remarkable problems whenever one deals with the crystals belonging to the cubic or orthorhombic systems and higher-symmetry groups of the tetragonal and hexagonal systems (4mm, 422, 4 2m, 4/mmm, 6mm, 622, 6 m2, and 6/mmm) [1−8] . The matter is that the tensors describing POE for these symmetry groups include only so-called 'principal' components ( im  , with i, m = 1, 2, 3 and the indices i, m corresponding to the directions of light polarization and uniaxial mechanical stress, respectively) and 'diagonal' components 44  , 55  and 66  . On the other hand, there can happen more complicated situation when the POE tensor contains both 'non-principal' and 'non-diagonal' components such as 14 41 45 16 , , ,     etc. Among the well-known crystalline materials, the examples are LiNbO 3 and LiNbO 3 :MgO (the point symmetry class 3m), and La 3 Ga 5 SiO 11 (the class 32) [9, 10] . Nonetheless, the 14  coefficients have been determined for LiNbO 3 and α-BaB 2 O 4 (the sym-classes 4, 4 and 4/m) reveal the same form of the POE tensor [8, 13] . We are to stress that, up to date, no reliable experimental data have been reported for their POCs. This is due to lack of relevant analytical relations, which are necessary for interpreting the experimental results and calculating the non-principal POCs on this basis. The aim of the present work is just to solve this problem. Below we will describe the POE for the first tetragonaal subgroup only, since the analytical relations for the second one represent particular cases of the more complicated relations for the first subgroup.
Opening remarks and formulation of the problem
In order to study the POE for the crystals belonging to the first tetragonal subgroup, it is necessary to prepare five samples with different crystallographic orientations shown schematically in Fig. 1 . At the same time, samples of only three different orientations are needed for the crystals of the second subgroup (see Fig. 1a , b, and c).
Fig. 1. Schemes of sample orientations for studying the POE in tetragonal crystals: (a) direct crystallographic cut sample, (b) Х/45-cut, (c) Z/45-cut, (d) Z/22.5-cut ( = 22.5), and (e) В-cut (see the text).
Let us remind that the principal POCs (і, m = 1, 2, 3) can be obtained on the basis of theoretical relations derived in the works [9, 10] . The most common experimental technique is based on interferometric measurements and additional consideration of experimental errors that appear due to micro-wedge shape of a sample: fined with respect to a preceding cycle of measurements (for any details see [9] ). In the last formulae, the parameter im  means the stress inducing a half-wave phase retardation, For completing the POC matrix of the tetragonal crystals, one should rely on the analytical relations for the non-principal POCs 44 66 61 16 , , ,     , and 45  , which are analogues of the relations derived earlier in the study [14] . Unfortunately, the theoretical relations suggested in the work [14] are characterised by a number of disadvantages. Below we will itemise them and outline the possible ways out. 1. The relations mentioned above facilitate obtaining only the two coefficients, 44  and 66  .
Moreover, these relations are written in a form that excludes any possibility for consideration of a wedge-like shape of real experimental samples, when determining the half-wave stresses. However, it is known that a neglect of even very small wedges (a case which we refer to as a 'microwedge') can lead to notable errors while interpreting the experimental results. Let us notice that the 66  coefficient appears in the theoretical relations with its sign undefined.
It means that one should somehow distinguish between the directions 6 and 6 (see Fig. 1с ). This is a difficult problem. Indeed, usually the positive directions of the principal axes Х 1 , Х 2 and Х 3 (or simply 1, 2 and 3) of the optical ellipsoid are determined and the directions 4, 5 and 6 are distinguished respectively from 4 , 5 and 6 using a piezoelectric effect [13, 14] . However, since the crystals of the point group 4/m reveal no piezoelectric effect, it is necessary to choose some other criteria to define the directions 6 and 6 and then determine the sign of the coefficient 66  . The simplest solution is as follows. The magnitude and the sign of the POC 66  can be found using a relation which does not contain the indefinite sign, i.e. corresponds to some other experimental condition [14]  . These relations should be written for the two right-handed coordinate systems, for which the directions 6 and 6 , 6* and 6 * , and 4 and 4 are interchanged (see Fig. 1c, d, e) . The latter can, in principle, help finding out the conditions for unambiguous determination of these POCs. So-called 'symmetric conditions' of piezooptic experiments should also be considered (see Table 1 ), with further analysis of the relations obtained. In case if the relations turn out to be different for these experimental conditions, one should formulate the relevant recommendations for unambiguous determination of the non-principal POCs. 
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Experimental manifestations of POE for a Х/45 o -cut sample
Consider the relation used for determination of π 44 basing on the measurements of optical path 
In the frame of half-wave stress technique we have 4  11  13  31  33  44  11  13  33  44  3  3  4 44 44 4 Table 1 ).
Below we will consider a number of experimental geometries relying on a Х/45-cut sample (see Fig. 1b ), which are used for checking reliability of the POCs values and signs. Basing upon the example of crystals belonging to the point symmetry classes 32 and 3m, the authors of the works [9, 10] have demonstrated for the first time that the Х/45-cut sample allows for determining the principal coefficient  11 in two different experimental geometries. The coefficient 11  for the classes 4, 4 and 4/m can also be determined using the Х/45-cut sample (notice that derivation of the corresponding theoretical relations is the same as in Refs. [9, 10] ). The relevant relations valid for the direct and symmetric experiment geometries are gathered in Table 1 (see Eq. (Т.2)). Notice also that the Х/45 о -cut sample admits experimental geometries, for which the sums of principal POCs can be found. Then a comparison of these sums with the corresponding sums arising from the coefficient values determined independently on the direct-cut samples (see Fig. 1a ) would serve as a reliability criterion for the POCs.
Let us consider the experimental geometry given by m=4, k= 4 and і=1. The relation
, which can easily be obtained after differentiating the optical impermeability
n , is valid for the light polarization direction і=1. Let us evaluate the change 1 B  in the optical impermeability coefficient, using the equation of the POE
The summation in Eq. (4) 
where a, b, c are the directional cosines of the uniaxial loading force vector P,  is the value uniaxial pressure. Obviously, if the force acts along the direction m=4 (see 
Thence the relation for 1 n  follows:
One has to insert this relation into the formulae describing the change in the optical path for the light propagating though sample [14] :
where k   means the strain occurring along the direction k of light propagation. Here the star indicates that the strain k   in the k-direction differs from the components of the strain tensor k  .
To derive the sample strain 4   along the direction k= 4 (see [14] ), we are to consider a cross section of a surface of strain tensor, 2 2 2 1 1 2 2 3 3 4 2 3 5 1 3
by a line given by x 1 = 0 and x 3 = -x 2 , which corresponds to the optical beam direction k= 4 (see Fig. 2 ):
with 2 3 4 , ,    being the components of the strain tensor. Using Eq. (11), one can find the coordinate x 2 corresponding to the cross section point of the line k = 4 and the surface determined by Eq. (10): The semi-axis of the surface given by Eq. (10) 
The latter yields in the following sample strain occurring along the direction k= 4 :
The components 2 3 4 , and    of the strain tensor are to be determined issuing from the
) and using the elastic compliance matrix S km [8, 13] (13), one arrives at the strain occurring along the direction k= 4 under the action of uniaxial stress along the direction m=4:
Basing on Eqs. (14), (8) and (9) 
This may be specified for the cases of half-wave stress technique and wedge-like sample shape as to be not symmetrically identical for the trigonal symmetry groups 3, 3 , 3m and 32. Relevant recommendations for unambiguous choice of these directions have also been formulated in this work.
Experimental manifestations of POE for Z/45º-, Х/22.5º-and В-cut samples
Above we have considered in detail how to derive the theoretical relations for the POE associated with the Х/45º-cut sample. The final relations used for determining the non-principal POCs for the samples of other orientations are presented in Table 1 . Each line of Table 1 combines the two relations referred to the direct and symmetric experimental conditions, the latter being put in brackets. The main peculiarities of these relations will be discussed below and the appropriate practical conclusions will be drawn.
Z/45º-cut sample
Taking the conditions i=3, m=3 and k=1 (or k=2 -see Fig. 1 ) in Eq. (1), one can obtain the following relation for determination of the coefficient π 33 :
where the condition S 13 = S 23 holds true. A comparison of Eq. (Т.7) for the Z/45º-cut sample (see Table 1 ) with Eq. (17) for the direct-cut sample testifies that these relations are the same. Now let us write out the relations for the coefficient 13  under the conditions i=1, m=3, k=2
and i=2, m=3, k=1, following from Eq. (1): 
We should also stress that the Z/45º-cut sample allows for four different experimental geometries for measuring the rotational-shifting coefficient 66  . These geometries are described by 
where the half-wave stress technique and the consideration of a wedge-like sample shape are in- 
This formula is valid for the experimental conditions i=m=6* and k= 6  . The authors of the work [14] , from which Eq. 
To determine the refractive index change 
The refractive index 6* * n is equal to (see Fig. 4 
The same refractive index under the condition of non-perturbed indicatrix (see Eq. (27) and the conditions B = 0) is equal to 1  11  12  16  2  2  2  12  11  16  2  2  6  61  61  66 cos ( tan tan ), cos ( tan tan ), cos ( tan tan ).
With Eqs. (26) and (28) 
The sample strain 6* *  (k=6*) under the action of the stress tensor [ 6*  ] (see Eq. (24) and (10)):
It is seen from Fig. 5 Finally, the strain tensor components 1 2 ,   and 6  may be obtained from the Hook's law, the form of the 6* [ ]  tensor (see Eq. (24)), and the elastic compliance matrix km S : 
. (21) and (33) and Fig. 3 ) depend on the choice of right-handed coordinate system and, respectively, on the choice of directions 6* and 6 * ? For example, let us rotate the coordinate system around the axis 1 by 180 (see Fig. 3 ). Under such conditions the directions 6* and 6 * are interchanged. However, the sums of the POCs 16 61 2    are given by the identical relations in the both cases, as shown for the particular conditions (34) differing just by the directions 6* and 6 * . One can also demonstrate a possibility for arbitrary choice of the directions 6* and 6 * for the most general case. For this aim let us rotate a sample shown in Fig. 3 by 90 around the axis 3 (see Fig. 6 ). This will result in replacing the axis 1 by the axis 2, and vice versa. Indeed, in tetragonal crystals these axes are identical with respect to both the refractive indices and the POCs.
As a result, we introduce the angle α and the directions 6* and 6 * the same as in Fig. 3 . We have found out that these conditions can be provided with a sample of so-called В-cut. As seen from the scheme of such a sample given by Fig. 7 , one has to make cuts at the angles of 45 with respect to the directions 1 and 4, using the initial Х/45-cut sample (the planes of the cuts are shown by dotted lines in Fig. 7 ; see also Fig. 1e for more details) . It is easy to show that the directional cosines a, b, c of the vector P under the condition of m  В are as follows:
while under the condition of m B one has (cos 45 , cos60 , cos60 ) ( 2 2, 1 2, 1 2)
According to Eq. (5), the stress tensors for the cases of m В and m  B are given by 
The uniaxial pressure direction parallel to m B would lead to the sign reversal for the components 5  and 6  (see Eq. (36) 
Eqs. (37) and (38) that take the micro-wedge shape of samples into consideration and can be used with the half-wave technique are included in Table 1 
The 
A choice of coordinate system
Let us finally consider another principled question: does the ambiguity of calculation of the POC Then the light polarization can be aligned with the directions і=1 and і= 4 (see Fig. 8 . Below we will derive the latter tensors. If the condition PВ is fulfilled, then the angle between the vector P and the direction 1 is equal to 135 (see Fig. 8 ). The directional cosine a of the vector P is equal to cos135= -2 2 . It is seen from Fig. 8 that the projection of P on the direction 4 is equal to 4 P = Рcos45 = Р 2 2 .
(41) To determine the POCs for the second subgroup of tetragonal system (i.e., for the point symmetry groups 422, 4mm, 4 2m, and 4/mmm), it is enough to use the analytical relations for the direct-cut, Х/45-and Z/45-cut samples.
